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Abstract
Based on Tsallis entropy [1] and the corresponding deformed exponential func-
tion, generalized distribution functions for bosons and fermions have been used
since a while [3, 4]. However, aiming at a non-extensive quantum statistics further
requirements arise from the symmetric handling of particles and holes (excitations
above and below the Fermi level). Naive replacements of the exponential function
or ”cut and paste” solutions fail to satisfy this symmetry and to be smooth at the
Fermi level at the same time. We solve this problem by a general ansatz dividing
the deformed exponential to odd and even terms and demonstrate that how earlier
suggestions, like the κ- and q-exponential behave in this respect.
1 Introduction
Since Tsallis suggested to use the non-extensive entropy formula, ST =
1−∑Wi=1 pqi
q−1 in
1988 [1], the corresponding generalized statistical mechanics have been substantially
developed and spread over many fields of application [2,13–19]. This non-logarithmic
relation between entropy and probability is obviously non-additive, its non-aditivity
is comprised in the parameter q, differing from one. Its precise value is determined
by the nature of the physical system under consideration. It smoothly reconstructs
the Boltzmann–Gibbs–Shannon formula at q = 1. The application of non-extensive
statistical mechanics becomes mandatory whenever finite size corrections to the ther-
modynamical limit are relevant. Non-extensive systems are those, which behave as
final ones even at large size.
Several applications have been already investigated in a plethora of physical prob-
lems; both on the phenomenological level, by fitting power-law tailed distributions,
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and on the mathematical level, seeking for more and more general construction rules
and formulas. In particular the deformed exponential function, first identified by ob-
taining the canonical distribution to the Tsallis entropy, has been applied to a variety of
physical problems.
Quantum statistics erects novel problems to be solved also in this respect. The
naive replacement of the Euler–exponential with another, deformed exponential func-
tion namely can loose the particle–hole symmetry, inherent in the traditional Fermi
distribution above and below the Fermi level. In many suggestions for the generalized
Bose and Fermi distributions the Tsallis’ q−exponential function,
eq(x) := [1 + (1− q)x] 11−q (1)
is used instead of ex at the corresponding place in the formulas [3–12].
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Figure 1: The generalized KMS relation for bosons, tested by using the original
Tsallis’ q−exponential function. The relation n(−x) = −1 − n(x) breaks, since
eq(x) 6= e2−q(x) = 1/eq(−x) appear in the respective formulas (q = 0.8).
However, there is a fundamental problem with this ansatz: it does not satisfy the
CPT invariant concept interpreting holes among the negative energy states as anti-
particles with the corresponding positive energy [20],
n(−x) = ∓1− n(x) (2)
with x = ω/T . Here the upper sign is for bosons and the lower one for fermions,
respectively. At a finite chemical potential (Fermi energy) one uses the argument x =
(ω−µ)/T , and the above relation expresses a reflection symmetry to the x = 0 (ω = µ)
case. In particular the original q−exponential, forming the Tsallis-Pareto cut power-
law, is an incomplete approach in this respect, as long as q 6= 2− q.
In this article we explore the general requirement on the deformed exponential
function used in quantum statistics for satisfying the above symmetry. Starting by a
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generalized form of the Kubo-Martin-Schwinger (KMS) relation [21,22] we derive the
desired property that a deformed exponential must satisfy. Based on this we formulate
a suggestion how to "ph-symmetrize" an arbitrary function, ek(x).
2 Kubo-Martin-Schwinger Relation
The KMS relation in its original form states that certain correlations between time
dependent operators can be related to the reversed correlation at finite temperature by
shifting the time difference variable, t, with a pure imaginary shift, iβ:
〈AtB0〉 = Tr
(
e−βHeitHAe−itHB
)
= Tr
(
e−βHeitHAe−itHeβHe−βHB
)
= Tr
(
ei(t+iβ)HAe−i(t+iβ)He−βHB
)
= Tr
(
e−βHBei(t+iβ)HAe−i(t+iβ)H
)
= 〈B0At+iβ〉 (3)
Considering generalized thermodynamical formulas we have to reconsider the KMS
relation in a more general setting. Since this relation is proven simply by re-shuffling
of operators under a trace, it holds very generally:
〈AtB0〉 = Tr
(
ρ UAU−1B
)
= Tr
(
ρ UAU−1 ρ−1ρB
)
= Tr
(
ρB (ρU)A(ρU)−1
)
= 〈B0At⊕iβ〉 (4)
We note that for non-exponential H−dependence of the density matrix ρ the ⊕ opera-
tion is energy dependent. If we accept the requirement that ρ(H) is the analytic con-
tinuation of a unitary function of H , then for a general ρ = g(iH), from W−1 = W †
one derives g(iH)−1 = g∗(iH) = g(−iH) and consequently
1
ρ(ω)
= ρ∗(ω) = ρ(−ω). (5)
On the other hand, applying the original KMS relation, Eq.(3) for At = e−iωta and
Bt = A
†
t = e
iωta† one obtains the known relation between the occupation density
of negative energy states (holes in the positive energy continuum) and positive energy
anti-particles
〈aa†〉 = 〈a†a〉 eβω. (6)
With the commutation and anti-commutation relation of basic operators
[a, a†]∓ = 1 (7)
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we arrive at the well-known distribution functions for the occupation density
n(βω) =
〈
a†a
〉
=
1
eβω ∓ 1 , (8)
where the upper sign is for bosons and the lower one for fermions, respectively.
As a consequence a missing negative energy boson state is equivalent with a pos-
itive energy bosonic hole state: −n(−ω) = (1 + n(ω)) > 0. The connection to the
canonical thermodynamical weight is given by
f(ω) =
n(ω)
1 + n(ω)
= e−βω. (9)
Here the exponential factor is to be generalized e−βω → ek(−βω). However, an
arbitrary guess of a function for it will not satisfy the generalized KMS relation: using
a deformed exponential ek(x) in Eq.(9) the relation
ek(x) · ek(−x) := n(ω)
1 + n(ω)
n(−ω)
1 + n(−ω) = 1 (10)
follows. The originally suggested cut power-law, the q-exponential in Eq.(1) [1],
eq(x) ≡ (1 + kx)1/k (11)
with k = 1 − q, although obtained by physical arguments and explored in mani-
fold experimental data, does not directly satisfy this relation. On the other hand, the
κ−exponential, suggested by Kaniadakis [23],
eκ(x) ≡ (
√
1 + (κx)2 + κx)1/κ (12)
does, as it can be proven by direct substitution.
3 General Particle-Hole Symmetry within Nonextensive
Quantum Statistics
In the followings we study the general form of deformed exponential functions satisfy-
ing the relation1
ek(x) · ek(−x) = 1. (13)
The most general real ansatz with power-law asymptotics x1/k is given as
ek(x) := (a+ bkx)
1/k (14)
with a(x2) and b(x2) being even functions of the variable x. The power parametriza-
tion by k ensures the inclusion of the Boltzmann-Gibbs limit by
lim
k→0
ek(x) = e
x, (15)
1We note that using the formal logarithm, due to ek(x) = eL(x) this requirement is simply the oddity of
L(x) = −L(−x).
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if
lim
k→0
a(x2) = lim
k→0
b(x2) = 1. (16)
Utilizing now the requirement of Eq.(13), one obtains
ek(x) · ek(−x) = (a2 − b2k2x2)1/k = 1, (17)
leading to the general form
ek(x) = (
√
1 + (bkx)2 + bkx)1/k. (18)
It is straightforward to realize that the simplest choice, b = 1 and k = κ, leads to the
Kaniadakis κ-exponential [23] cf. Eq.(12).
There are, however, other solutions satisfying the particle-hole symmetry require-
ment:
ek(x) =
(
f(−x)
f(x)
)1/k
=
(
1 + λ kx
1− λ kx
)1/k
(19)
with λ(x2) being an even function of x. This form is equivalent with the k−form above
Eq.(18), revealing the connection
b =
2λ
1− λ2(kx)2 . (20)
With respect to the Tsallis’ q−exponential (q = 1 − k), that ansatz may be slightly
modified to a ratio, according to Eq.(19) by putting λ = 1/2,
e˜q(x) := eq(x/2) · eq∗(x/2) =
(
1 + (1− q)x/2
1− (1− q)x/2
) 1
1−q
. (21)
This ansatz is equivalent to the general formula Eq.(18) with 1/b = 1−k2x2/4. Based
on this the corresponding Bose distribution function becomes
n˜(x) =
1
e˜q(x)− 1 =
[
1− (1− q)x2
] 1
1−q[
1 + (1− q)x2
] 1
1−q − [1− (1− q)x2 ] 11−q . (22)
Another parametrization, which reflects the relation between the κ− and symmetrized
q−exponential, is given by [24]
[ek(x)]
k
= ez, bkx = sinh z, λkx = tanh
z
2
. (23)
This leads us to a general procedure how to ph-symmetrize a suggested deformed ex-
ponential function with power-law asymptotics, eq(x):
1. From the originally suggested base of the asymptotic power we compose the
b(x2) function according to
b =
[eq(x)]
k − [eq(−x)]k
2kx
. (24)
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2. Using Eq.(18) the ph-symmetrized deformed exponential becomes
ek(x) = (
√
1 + (bkx)2 + bkx)1/k. (25)
3. This function, ek(x), should be used in the formulas for Bose and Fermi distri-
butions.
We note that starting with the original Tsallis-Pareto form, Eq.(11), after the above
steps b = 1 and one exactly obtains the Kaniadakis form, Eq.(12).
There is another way to construct ph-symmetric Bose distributions, namely one
may search for a linear combination of traditional n(ω) formulas with the suggested
eq(x) on the one hand and its dual, eq∗(x) = 1/eq(−x) on the other hand. Such an
ansatz,
nKMS(x) = A(nq(x) + nq∗(x)) +B (26)
for the Tsallis distribution with q∗ = 2− q, finally leads to B = A− 12 and for having
"zero for zero" we arrive at
nKMS(x) =
1
2
(nq(x) + nq∗(x)) . (27)
It is not trivial, which b(x2) function corresponds to this choice. Although the corre-
sponding weight factor obviously satisfies the relation of Eq.(10), it is easy to see that
in this procedure always one of the parameters q and q∗ is less than one, cutting off the
asymptotically high x-tail of the distribution.
Summarizing this part, a single even function, b(x2) determines the quantum sta-
tistical ansatz with a proper ph-symmetry
nB,F (x) =
1
(
√
1 + b2(kx)2 + bk x)1/k ∓ 1 . (28)
This expression has the asymptotics
lim
x→∞nB,F (x) = (2bk x)
−1/k, (29)
provided that bk is positive. On the other hand the equivalent λ(x2) view leads to
nB,F (x) =
(1− λkx)1/k
(1 + λkx)1/k ∓ (1− λkx)1/k (30)
reaching n(x) = 0 at a finite value of the argument. It is defined only for λkx ≤ 1.
Finally we analyze the ”cut and paste” solution, using alternatingly the eq(x) and
eq∗(x) dual deformed exponentials depending on the sign of the argument, as it has
been introduced by A. M. Teweldeberhan et al. [8]:
nF (x) =

1
eq(x)+1
x > 0
1
eq∗ (x)+1
x < 0
(31)
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The requirement nF (x)+nF (−x) = 1 delivers eq(x) ·eq∗(−x) = 1, which is satisfied
by the original Tsallis ansatz,
eq(x) = (1 + k x)
1/k
, (32)
with q = 1 + k and q∗ = 1− k. In this case always q + q∗ = 2.
In general the deformed Fermi distribution can be expanded around the Fermi sur-
face (x = 0) and the even and odd terms can be collected separately. Ansätze based on
a single function for all real x values must have the form
nF (x) =
1
2
(
m(x2) + x · n(x2)) . (33)
As a consequence of the KMS relation nF (x) + nF (−x) = m(x2) = 1 has to be
satsified, and nF (x) − nF (−x) = x · n(x2) is a purely odd function, prohibiting all
even order derivatives at x = 0.
The cut and paste solutions,
nF (x) =

1
2
(
m(x2) + xn(x2)
)
x > 0
1
2
(
m∗(x2) + xn∗(x2)
)
x < 0
, (34)
as a consequence of nF (x) + nF (−x) = 1 on the other hand have to comply with
m(x2) +m∗(x2) = 2,
n(x2)− n∗(x2) = 0. (35)
This comprises the deformed Fermi distribution into the following form:
nF (x) =

1
2
(
m(x2) + xn(x2)
)
x > 0
1− 12
(
m(x2)− xn(x2)) x < 0 . (36)
It is easy to realize that the odd part is given as the half of
nF (x)− nF (−x) =
(
m(x2)− 1) · sign(x) + xn(x2). (37)
For not having a jump in the value of nF (x) at x = 0 only m(0) = 1 is necessary, but
for being smooth up to arbitrary order in derivatives at x = 0 the functional identity
m(x2) = 1 must be satisfied. In this case the the deformed Fermi distribution has the
general expression
nF (x) =
1
2
(
1 + xn(x2)
)
. (38)
Consequently the expansion around the Fermi surface (x = 0) contains odd terms only.
The well-known property of the Sommerfeld expansion [25], an expansion of integrals
of a test function multiplied by the original Fermi distribution, reflects exactly this
property: only odd derivatives of the test function occur in the result. For the Bose dis-
tribution an analogous argumentation holds, but there at x = 0 the Bose condensation
occurs, the distribution diverges and therefore finite jumps in even derivatives are only
of theoretical importance.
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4 Summary and Conclusions
Considering the generalized KMS relation we have established that quantum statisti-
cal distributions using a deformed exponential function must satisfy the relation (13),
ek(x) · ek(−x) = 1, for reflecting the particle-hole symmetry smoothly at the Fermi
level. The use of the original Tsallis’ q−exponential confronts with this requirement,
since eq(−x) = 1/e2−q(x) 6= 1/eq(x), while the kappa-exponential, promoted by
Kaniadakis, is in accord with this.
We have derived the general formula for deformed exponentials satisfying this basic
requirement, and found that it has a few equivalent forms, each determined by a single
even function. These functions, either b(x2) or λ(x2), are connected in a particular
way. Using this connection, reflecting a general splitting to even and odd terms of
a function, we have pointed out that the κ-distribution is the properly ph-symmetric
improved pendant of the q-distribution.
In this context, some other solutions to this basic requirement are also mentioned,
in particular an arithmetic mean of two Tsallis-Bose functions with dual q, q∗ = 2− q
parameters. In general we found that the expansion of the generalized Fermi distribu-
tion with proper symmetry around the Fermi surface contains only odd terms in the
argument, x = (ω − µ)/T , besides the trivial zeroth order term, 1/2. Cut and paste
solutions contain a jump starting with the second derivative at the Fermi level due to
their not respecting the above rule.
While this paper concentrated on the analysis of mathematical properties of gen-
eralized quantum statistical particle number distributions, there should be ample room
for physical applications, whose discussion - however - has to be delegated to other
works.
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